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Abstract. We study complete noncompact long time solutions 
(M,g(t)) to the Kahler-Ricci flow with uniformly bounded non- 
negative holomorphic bisectional curvature. We will show that 
when the Ricci curvature is positive and uniformly pinched, i.e. 
Rij > cRgij at (p, t) for all t for some c > 0, then there always 
exists a local gradient Kahler-Ricci soliton limit around p after 
possibly rescaling g(t) along some sequence tj — > oo. We will show 
as an immediate corollary that the injectivity radius of g(t) along ti 
is uniformly bounded from below along f j , and thus M must in fact 
be simply connected. Additional results concerning the uniformiza- 
tion of M and fixed points of the holomorphic isometry group will 
also be established. We will then consider removing the condition 
of positive Ricci for (M,g(t)). Combining our results with Cao's 
splitting for Kahler-Ricci flow [7\ and techniques of Ni-Tam [25] , 
we show that when the positive eigenvalues of the Ricci curvature 
are uniformly pinched at some point p £ M, then M has a special 
holomorphic fiber bundle structure. We will treat as special cases, 
complete Kahler manifolds with non-negative holomorphic bisec- 
tional curvature and average quadratic curvature decay aswell as 
the case of steady gradient Kahler-Ricci solitons. 



In this paper we study the class of complete noncompact Kahler 
manifolds (M n ,g) of complex dimension n with bounded and nonneg- 
ative holomorphic bisectional curvature. Let R be the scalar curvature 
and let 
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be the average of the scalar curvature over the geodesic ball with radius 
r and center at x. In [TT], [T2] and [T3] the authors obtained, among 
other things, the following uniformization results: 

(1) If k(r,x) < C/(l + r 2 ) for some C for all r and x, then the 
universal cover of M is biholomorphic to C™. 

(2) Under a weaker assumption that k(r, x) < C/(l + r) for some C 
for all r and x, the universal cover of M is homeomorphic to M. 2n and 
is biholomorphic a pseudoconvex domain in C n . 

The results support the following conjecture due to Yau [33J: If 
(M, g) has positive holomorphic bisectional curvature then M is bi- 
holomorphic to C n . 

In this paper we want to discuss the structure of M itself. In light of 
the above results, a reasonable approach is as follows. First one studies 
more closely the structure of the universal cover M. Then one would 
like to study properties of the first fundamental group, and hopefully 
these together will provide information about the structure of M. As 
in the previous works, we will study the Kahler-Ricci flow equation on 
(M,g): 



1.2) d -§ = /,V 



By the works [2E] and [2B] of Shi, the Kahler-Ricci flow has a long time 
solution g(t) with uniformly bounded curvature under assumption (2) 
(and hence (1)) above. By the splitting result of Cao [7], (M,g(t)), 
the pull back of g(t) to the universal cover M, splits for all t > as 
M = C k x N and g(t) = g e x h(t) where g e is the standard metric 
on C fc and h(t) has nonnegative holomorphic bisectional curvature and 
positive Ricci curvature. Hence we will begin our studies with long 
time solutions (M,g(t)) to Kahler-Ricci flow where g(t) has uniformly 
bounded nonnegative holomorphic bisectional curvature and positive 
Ricci curvature. We will prove that: 

// at some point p e M , the eigenvalues of Ric(p, t) are uniformly 
pinched (i.e. the smallest eigenvalue ofRic(p,t) is at least C times the 
largest eigenvalue for some C > independent of t ), then M is simply 
connected and is in fact biholomorphic to a pseudoconvex domain in 
C n . 

See Theorems 12.11 12T21 and I2T51 A particular case is when (M,g) has 
average quadratic curvature decay and positive Ricci in which case it is 
shown in Corollary 2.1 that M is biholomrophic to C n . This generalizes 
previous results in [12] where the same result, in particular Corollary 
2.1, is proved assuming in addition either that (11. 2p has an eternal 
solution (i.e. g(t) exists for — oo < t < oo) or that tR is uniformly 
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bounded in spacetime. Note that either conditions will imply that 
eigenvalues of Ric(p, t) are uniformly pinched, see [12] for example. 

More generally, if we only assume the positive eigenvalues of Ricfjo, t) 
are uniformly pinched, then using the above result on simple connect- 
edness, we prove that: 

M is a holomorphic and Riemannian fiber bundle over C k /Y where 
Y is a discrete subgroup of the holomorphic isometry group of C k , with 
fiber either C n ~ k or a pseudoconvex domain in C n ~ fc . 

See Theorem 13 .11 In particular, the fiber is C n ~ k when (M, g) has av- 
erage quadratic curvature decay, which we show in Corollary 3.1. Sim- 
ilar results under different conditions have been obtained by Takayama 
[30], Ni-Tam and Zheng [25]. 

Our results are related to the second part of Yau's conjecture in |33j : 
If the holomorphic bisectional curvature is only non-negative then M 
is biholomorphic to a complex vector bundle over a compact Hermitian 
symmetric space. In fact, we prove that if n — k = 1 in the above 
situation, then M is actually a line bundle over C k /Y. In order to 
prove this, we have to study more carefully about the isometry group 
of a complete noncompact Kahler manifold (M, g) with nonnegative 
holomorphic bisectional curvature and positive Ricci curvature. We 
prove that if there is a long time solution g(t) to Kahler- Ricci flow 
with uniformly bounded non-negative holomorphic bisectional curva- 
ture and positive uniformly pinched Ricci curvature, then any finite set 
of isometries of M has a fixed point. Under the stronger assumption 
that (jl.2p has an eternal solution or tR(p, t) is uniformly bounded for 
all time, then one can prove the stronger result that there is a fixed 
point for all isometries of (M,g). See Theorems 12.41 and 12.51 One 
might want to compare this with a theorem of Cartan which says that 
a compact subgroup of isometries of a Cartan-Hadamard manifold has 
a fixed point. 

A special case of the above is when g(t) is actually a gradient Kahler- 
Ricci soliton. Namely, there is a real valued function / with fa = 
such that Rij = fa (steady type) or after rescaling —Rij + gij = fa 
(expanding type). In the case of expanding type, it is known that M 
is biholomorphic to C n by [10J. For the case of steady type, under 
an additional assumption that the scalar curvature attains its maxi- 
mum at some point, we prove that in most cases, M is a holomorphic 
vector bundle or C k /Y. More precisely, we prove that this is the case 
if the scalar curvature R is maximal at p G M say, and the positive 
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eigenvalues Ai, . . . , A/ of Ric at p satisfy the Diophantine condition 

i 

for all j and for all nonnegative integers rrii such that Yli=i m i — 2- 
See Theorem 14.11 The proof relies on the result of Bryant [2] on the 
existence of Poincare coordinates. This is related to a result of Yang 
|32j : Suppose M is a noncompact Kahler-Ricci soliton with nonneg- 
ative Ricci curvature such that its scalar curvature attains a positive 
maximum at a compact complex submanifold K with codimension 1 
and the Ricci curvature is positive away from K, then M is a holomor- 
phic line bundle over K. proves that 

We now describe the organization of the paper. In §2 we study long 
time solutions to Kahler-Ricci flow with bounded non-negative holo- 
morphic bisectional curvature and positive Ricci curvature. We will 
prove the existence of gradient Kahler-Ricci soliton limits and conse- 
quences of this concerning the injectivity radius along the flow and the 
simple connectedness of M. We will also prove results on the existence 
of fixed point of isometries. In §3 will prove the fiber bundle structure 
and line bundle of M. Finally, in §4 we prove vector bundle struc- 
ture on gradient Kahler-Ricci solitons. We will also prove a result on 
the volume growth of expanding gradient Ricci solitons in this section 
which is related to the work of Ni [23] 0. 

2. LONG TIME SOLUTIONS AND LOCAL LIMITS 

In this section we study limits of long time solutions of the Kahler- 
Ricci flow (12. ip on complete noncompact Kahler manifolds with uni- 
formly bounded nonnegative holomorphic bisectional curvature and 
positive Ricci curvature. We will investigate when such a solution sub- 
converges, after rescaling, to a gradient Kahler-Ricci soliton limit, and 
we will derive a number of consequences from this. In Corollary 2.1 
we treat the particular case of a complete non-compact Kahler man- 
ifold having bounded non-negative holomorphic bisectional curvature 
and positive Ricci curvature which decays quadratically in the average 
sense. Our study of the limiting behavior of Kahler-Ricci flow in this 
section can be viewed as an extension of that in [11] and [12] . We begin 
with the following 



1 This result (Proposition 4.1) is proved independently in J3J. 
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Basic Assumption 1: Let M n be a noncompact complex manifold 
of complex dimension n. Let g(t) be a complete solution of the Kdhler- 
Ricci flow 



(2.1) d -§ = -R„ 



on M x [0, oo) with uniformly bounded nonnegative holomorphic bisec- 
tional curvature in spacetime and with positive Ricci curvature. 

Let R(x,t) be the scalar curvature of g(t) at x. Let p G M be a 
fixed point. Then we have the following possibilities: (1) R(p,t) > c 
for some constant c > for all t; or (2) inf tg [ 0iO o) R{p, t) = 0. In the sec- 
ond case, since tR(p, t) is nondecreasing in time by a Li-Yau-Hamilton 
(LYH) type differential inequality of Cao [I] , we have two subcases: (2a) 
tR(p,t) < c for some constant c > 0; and (2b) lim^oo tR(p, t) = oo. 
We address these cases separately in Theorems 12.11 12.21 and 12.31 below. 

First, we have the following lemma. 

Lemma 2.1. Let (M,g(t)) be as in the Basic Assumption 1. Let 
p G M be a fixed point. There exists C > 0, such that for any j < 
<^o < ai < |, any p > 0, and any T > we have 

(2.2) I 



forx,y G B 4aoT (p, py/T). 
Proof. For t > 0, fixed. Define 

g{s) = jg{t{l-e- s )), < s < oo. 

Then we have 

dg — . 
— = -Ric + 

as 

on M x [0,oo). By the (LYH) type differential inequality in [1], for 

x,y G M and < si < S2 < oo we have 

2.3 ^ V ' ; < -exp(-A) 

where 

rs2 

A = A(x,y;si,s 2 ) = inf / |7'(s)|? w ds 



7 



si 



and 7 is any curve from x to ?/. Here R is the scalar curvature and Ric 
is the Ricci curvature of g 

Let «! = 1 — e~ Sl and a 2 = 1 — e~ S2 . Then -R(sj) = (1 — ai)R(ait) 
for i = 1,2, and we have < cti < a 2 . Let ao > be fixed. Then 
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g(s) < Yd( a ot) for ao < 1 — e~ s because g(t) is decreasing in t. Now 
for x, y G B aot (p, pyi), let 7 be a minimal geodesic from x to y with 
respect to g(a t). If 4 < «o < «i < 5 anc ^ ° 2 = I' then 

d 2 f S2 p 2 

A(x, y; si, s 2 ) < / e s ds < d exp(— ) 

t{s 2 ~ Si) 2 J S1 4 

for some constant C\ independent of x,y,t, p,ao,ai, where d is the 
distance between x,y with respect to g(a t). Hence 



2 



R(x,ait) p 
— - — 5— < 6 2 exp — 

for x,y E B aot (p, pVt) and \ < ctQ < ot\ < \- Here C 2 is independent 
of x,y,t,p, a ,ax. 

Replacing |t by T, we have 

for x, y G S 4Q , oT (p, py/T) for some constant C 2 independent of x, y, t, p, a , «i. 
From this the lemma follows. □ 



We will also need the following result which is basically from 
(see also [12]). 

Lemma 2.2. Let (M,g) be a complete Kdhler manifold. Let p G M 
and tq > 0. Suppose \Rm(g) \ + \ VRm(g)\ < c for some c on B(p,ro). 
Then there exist r > and a constant C > depending only on r^, c 
and n, and a holomorphic map 

(2.5) $ : D(r) M 

with the following properties: 

(i) $ is a local biholomorphism from D(r) C C n onto its image, 

(ii) $(0)=p ; 
(hi) $*(g){0) = g e , 

(iv) £<? e < < C<? e inD{r), 

where g e is the standard metric on C n . 

We may now state our first 

Theorem 2.1. Suppose that at some p G M we have Ric(p, t) > 
cg(p, t) for all t for some c > 0. Then the following are true. 

(i) The injectivity radius of g(t) at p satisfies inj t (p) > a for some 
a > for all t. 

(ii) M n is homeomorphic to the Euclidean space and is biholomor- 
phic to a pseudoconvex domain in C n . 
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(iii) For any ti — > oo we can find a subsequence ti k such that (M, g(t+ 
t ik ),p) converges to a complete eternal solution (M^, g 00 (t) 1 o) 
°f (12.11) with positive Ricci curvature and bounded non-negative 
holomorphic bisectional curvature, and is biholomorphic to 
C n . 

(iv) For any ti — > oo, there exist a subsequence ti k and Si k > ti k such 
that (M, g(si k ),p) converges to a steady gradient Kahler- Ricci 
soliton with positive Ricci curvature and bounded nonnegative 
holomorphic bisectional curvature which is biholomprhic to C n . 

Proof. Assume (i) is true. Since the curvature, and its covariant deriva- 
tives, of g(t) are uniformly bounded by [28] for t > 1, for each t > 1 
there is a biholomorphism $ t from D(r) — ► M satisfying the conditions 
in Lemma 12.21 with r and C being independent of t. Since Ric > for 
all t, it is easy to see that $ f (Z)(r)) exhausts M as t —>■ oo by the 
eigenvalue inequality for Rc(t) in [13] (Theorem 6.1). Hence M is 
homeomorphic to the Euclidean space by [1] . This proves the first part 
of (ii). The second part of (ii) then follows from Theorem 1.2 in [13] . 

(iii) follows from (i), the standard result on compactness of solutions 
of Ricci flow [22] and Theorem 1.4 in [12] . 

(iv) will follows from (i) and the content in the proof of (i). 

It remains to prove (i). Suppose there exist ti — > oo such that 
lim^oo inj t . (p) = 0. Since the curvature are uniformly bounded in 
spacetime, for any positive integer k > 1 there is a positive constant 
C\ which is independent of i, but possibly depending on k, such that 

< 9{U) < C ig (t) 

and for any t G [tj, tj + k]. By volume comparison and [TF] on the 
injectivity radius bound we have: 

lim sup inj t (p) = 

for any k. On the other hand, since the scalar curvature of g(t) are 
uniformly bounded, for any i, there exists Sj G [U, ti + k] such that the 
scalar curvature \-j^R(p,t)\ t=Si \ < C 2 /k where C 2 = 2 sup t R(p, t). By 
passing to a subsequence still denoted by t i: we can find ki —>■ oo and 
Si G [ti, ti + ki] such that 

(2.6) lim inj Si (p) = 0, lim ^-R(p, t) \ t=Si = 0. 

By Lemma I2.2[ there is r > and C3 > independent of i such 
that for each i, there exists a a holomorphic map $j : D(r) — > M 
corresponding to the metric g'(sj) satisfying the conditions in the lemma 
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with C = C3 in property (iv) in the lemma. Now by considering 
the sequence (D(r), gi(s) = $*g(si + s)), we may then obtain a local 
subsequence limit solution (D(r),h(z,t)) to (12. ip on an eternal time 
interval and satisfying j^R h (0, 0) = where R h is the scalar curvature 
of h. By Theorem 2.1 in [12] we find that (D(r), h(0)) is a local steady 
gradient Kahler-Ricci soliton with positive Ricci curvature centered at 
the origin. Namely, there is a real valued function / on D(r) such that 
R^j = fij and — in D(r), where is the Ricci curvature of h(0). 
Thus Z % = P is a holomorphic vector field, and it can be shown that 
the gradient of / is zero at the origin (see [12] for example), which is an 
isolated zero because fa = R^ > 0. In fact by its construction in [121 
§2] and [B], there exists < r\ < r such that Z is the unique solution 
of the equation 

(2.7) R ti + R fj Z~ j = 

in D(ri) relative to the metric h(0). 

Note that ( 12. 7ft has a unique solution Z E T^ ' 1 ) on any Kahler 
manifold having positive Ricci curvature. By our assumptions on the 
positivity of Ricci curvature, we may then let W(i) G T^M be the 
unique solutions to (12.71) on (M, g(si)) for any k. In particular, for 
any % as $i is a local biholomorphism, V(i) = ($i)* (W(z)) is a smooth 
(0, 1) vector field in D(r). By the definition of g(si), V(i) is just the 
unique solution of (12.71) in D{ri) relative to the metric (g(si)). By 
uniqueness and the fact that (g{si)) — > /i, we conclude that: 

V(i) converges to Z uniformly on compact sets in D(r{) in the C°° 
topology. 

It is easy to see that the integral curves of — Z in D(r) will converge 
to the origin. Since V(i) converge to Z, one expects the integral curves 
of V(i) have similar behaviors if % is large. In fact, In real coordinates 
x a of D, the integral curves of — Z are given by the following ODE 

(2.8) x' a = -X a x a + F a (x) 

where \ a > c > are the positive eigenvalues of R^ at the origin, 
|F(x)| = (\x\ 2 ) and = 0(|x|). On the other hand, for any e > 

there exists z'o and < r\ < r such that the integral curves of V(i) for 
i > io is given by 

(2.9) x' a = -\ a x a + G* a (x) 
\& -F\ + IdG* -dF\<e in D(n). 



< — -clxl 2 + e\x\ 
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Fix r\ > r 2 > and suppose x(t) is an integral curve of —V(i) in 
D(r). Then 

ix| 2 < -2c\x\ 2 + \G i (x)\ \x\ 
dr 

(2.10) < -2c\x\ 2 + e\x\ +C 4 |x| 3 

3 
— < 

2 

where C 4 depends only on F, provided r 2 < T^r and |x| < r 2 . Fix r 2 
satisfying these conditions. Then if y < \x\ < r 2 we have 

(2.11) i x |2<_3 | )2 2e 2 

if e > is small enough. Choose such an e. Hence for i > i large 
enough any integral curve of V(i) starting in -D(r 2 ) will stay inside 
D{r 2 ). 

Now Let x(t) and y(r) be two integral curves of V(i) inside D(r 2 ). 
Then 

(2.12) 

—\x- y \ 2 = -2j2 A «( x « - y«? + ~ ( Xq ~ 

a a 

< -2c\x -y\ 2 + J2 I \ d G l (za) \\(x a - y a ) 2 

a 

< -2c\x - y\ 2 + e\x - y\ 2 + ^\\dF(z a )\\ (x a - y a ) 2 

a 

< —c\x — y\ 2 

for some z a inside D(r 2 ), provided r 2 and e are sufficiently small, both 
depending only on the constant c. Hence 

(2.13) \x - y\ 2 (r) < exp(-cr)|x - y\ 2 (0) < 4r 2 exp(— cr). 

In particular, if x(t) is an integral curve, and if r 2 > n > 0, then 
y(r) = x{t 2 — r 2 + r) is also an integral curve. Hence |x(ri) — x{t 2 )\ 2 < 
4r 2 exp(— cri). Hence x(r) will converge to a point xq G D(r 2 ), and by 
(I2.13p . we see that any set in D{r 2 ) will contract to xo along integral 
curves. In fact, x G -D(y) by (12.111) . Moreover, x is a fixed point of 

We now claim that $j is injective on D{r 2 ) for z > i . Assume this 
is not the case and that for some z\ 7^ z 2 G D(r 2 ) we have = 
^2(^2) = 9 G M. Let 71 and 7 2 be two integral curves for V(i) starting 
at z\ and z 2 respectively. Then by the construction of V(i), $4(71) 
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and $1(72) are integral curves for W(i) starting from q. Hence by the 
uniqueness of integral curves we must have $1(71 (t)) = $4(72(7-)) for 
all t. On the other hand, for all r, we have 71 (t) 7^ 72(1") also by 
uniqueness of integral curves. But 71 (r) and 72(1") both converge to a 
£0 £ D(r 2 ). It is readily seen that these facts contradict the fact that 
$i is a biholomorphism in some neighborhood of xq. Thus we have 
shown that $j is injective on D(r-i) for all z > 

Now It is easy to see that $j(D(r 2 )) is contained in some geodesic 
ball B Si (p,rz) for some r 3 independent of i. Thus by the injectivity of 
$i shown above, and by the fact that <&*(g(si)) is uniformly equivalent 
to the Euclidean metric by Lemma I2T2"1 it is easy to see that there exists 
b > such that for i > i large enough B Si (p, r 3 ) has volume bounded 
below by b. By the result of Cheeger-Gromov- Taylor [17], inj s (p) must 
be uniformly bounded away from zero. But this contradicts our as- 
sumption that inj (p) — ► 0. This completes the proof of the theorem 
by contradiction. □ 

Next we consider the case that tR(p, t) is uniformly bounded. 

Theorem 2.2. Suppose that at some p £ M we have tR(p,t) < c for 
all t and some c > 0. Then the following are true. 

(i) The injectivity radius of g{t) at p satisfies inj t (p) > at 2 for 
some a > for all t. 

(ii) M n is biholomorphic to C n . 

(iii) Let <jij(s) = e~ s g(e s ). Then for any S{ — > 00 we can ^nd a sit6- 
sequence s ik such that (M, gij(s ik ),p) converges to an expand- 
ing gradient Kahler-Ricci soliton with positive Ricci curvature 
which is biholmorphic to C n . 

We will need the following lemma. 

Lemma 2.3. With the same assumptions as in Theorem \2.°2\ for any 
p > and integer k > 0, there is a constant C such that 



taken with respect to g(t). 

Proof. By the assumptions and Lemma 12. 1[ there exists a constant C\ 
such that for all T > and r > 0, 




(2.14) 



R(x,t) 



<C iexp ( ) 
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for all x G Bx(p,r^/T) and T < t < 2T. Now consider the metrics 
g(s) = i^g(T + sT). Then g satisifies the Kahler-Ricci flow equation 
with nonnegative holomorphic bisectional curvature. By the assump- 
tion that tR(p, t) is uniformly bounded and (12. 14ft and the fact that 
g(s) has nonnegative holomorphic bisectional curvature, we have 

2 

(2.15) \\Rm\\ < C 2 exp(j) 

in Bq(p, r) x [0, 2], where C*2 is constant independent of r and T where 
Rm, || ■ || are the curvature tensor and the norm with respect to g. 
Thus by the local derivatives estimates of Shi [26], see also [20], for any 
integer k > 0, there is a constant C3 which is independent of t such 
that 

(2.16) ||V fe Rrn]| < C 3 

in B (p, x {1}. 

On the other hand, by the Kahler-Ricci flow equation, we conclude 
that 

2 

C 4 exp(exp(^))^(0)<^(l)<^(0) 
in B (p,r) for some positive constant C4 independent of r and T . 

^ ^ 1 2 

Hence we have Bi(p, p) C B (p, |) where p = C 4 2 exp(| exp(^))|. 

1 2 

Given p > 0, let r be such that p = C 4 2 exp(^ exp(^))|, rescale g 
back to g, and conclude from (I2.16P that the lemma is true. 

□ 

Now we are ready to prove the theorem. 

Proof of Theorem \2.B. To prove (i), let g^ as in (iii). Then gij(s) solves 
the normalized Kahler-Ricci flow equation: 

(2-17) ^§ = ~RrJ-9rJ 

on M x (—00, 00). By Lemma [2.3} the fact that g^ has positive Ricci 
curvature, and the fact that the eigenvalues of Ric are nondecreasing by 
Theorem 6.1 in [13], we can proceed exactly as in the proof of Theorem 
I2.1( i) to show that the injectivity radius of (jij{s) at p is uniformly 
bounded below away from zero. Rescaling back to g(t), we see that (i) 
is true. Note that here we use the fact that if we take a limit along a 
sequence s« as in the proof of Theorem I2.1( i). then in the limit metric, 
the scalar curvature at the origin is constant in time. 
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Using Lemma 12.31 and (i), the proof of Theorem 1.1 in [llj can be 
carried over to prove that M is biholomorphic to C n . H 

Since (?;j(s) is decreasing, for any p > and s > 0, the curvature 
together with its derivatives are uniformly bounded on B SQ (p, p) for 
all s > s . Combining with (i), one can apply the proof of the local 
version [T9J Corollary 3.18] of compactness of solutions of Hamilton 
|22j . to conclude that for any s» — > oo we can find a subsequence S{ k 
such that (M,gij(s + Si k ),p) converges to a complete eternal solution 
of (12.171) which is in fact an expanding gradient Kahler-Ricci soliton 
with positive Ricci curvature and nonnegative holomorphic bisectional 
curvature. The fact that the limit solution is an expanding gradient 
Kahler-Ricci soliton can be proved as in [12, §2]. The fact that the 
limiting manifold is biholomorphic to C n follows from [TOl [2]. □ 

Remark 2.1. Theorem 12.21 was proved by the authors in [12] under 
the stronger assumption that tR(p, t) is uniformly bounded for all t > 
independently of p. In particular, it was proved there that M is 
biholomorphic to C n . We point out that the injectivity radius bound 
in Theorem 12.21 (i) allows a direct application of the methods in [TT] . 
and thus a more direct proof of this result. 

By the result of if tR(p, t) is not bounded, then tR(p, t) — > oo as 
t — > oo. We consider this case in the next theorem. 

Theorem 2.3. Suppose that at some p G M, \im. t ^ 00 tR{p^t) = oo and 
inf t R(p, t) = 0. Suppose also that the eigenvalues values of Kic(p,t) 
are uniformly pinched, i. e. R^ > cRg^ at (p, t) for all t for some c > 0. 
Then there exists ti — > oo and ai > with lim^oo cij = such that the 
following are true. 

(i) The injectivity radius of g(ti) at p satisfies inj t . (p) > caj 1 for 
some c > 0. 

(ii) M n is homeomorphic to Euclidean space and is biholomorphic 
to a pseduo-convex domain in C n . 

(iii) (M n ,aig(ti),p) converge to a steady gradient Kaher Ricci soli- 
ton with positive Ricci curvature which is biholomorphic to C n . 

Proof. To prove (i), since inf 4 R(p,t) = and Ric > for all t, we can 
find Ti — > oo such that <2j = R(p, 3T«) = mi t£ [ 0t3 Ti] R(p, t). Then ai > 
and Hindoo a« = 0. Now the metrics gAt) = aigiTi + — ) solve (12. lh for 
—Q>iTi <t< oo. Moreover, by the choice of Tj we have R^(p, t) > 1 for 

2 In Theorem 1.1 of [TT], there exists a long time solution to Kahler-Ricci flow 
such that the estimate in Lemma [^31 holds for all x £ M. However, only the precise 
statement of Lemma 12.31 was actually used in the proof of the Theorem. 
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—diTi < t < 2a{Ti where i?W is the scalar curvature of On the other 
hand, by Lemma 1.1, there is a constant C\ independent of % such that 
R^(p, t) < C\ for all < t < 1a{Ti. Hence there is < Sj < \a{Ti such 
that \-^R^(p, Si)\ < 8Ci/(aiTi). By the assumption that tR(p, t) — > oo 
as t — > oo, we conclude that lim^oo a{Ti = oo and 

(2.18) lim ^i2«(p, *) =0. 

We now consider the sequence of metrics = ^(s, + t) which 

solve (12. ip for —a{Ti — s, < i < oo. By Lemma [2. II and the definition 
of cij, there is a constand C*2 independent of i such that 

(2.19) R^(x,t)<C 2 

for all x G Bq\p, ^JdiTi) and < t < |ajTj, where R^(x,t) is the 
scalar curvature of and S t is the geodesic ball with respect to 

Since the eigenvalues of the Ricci curvature of g(t) at p are uniformly 
pinched, the Ricci curvature of h l (p, 0) is uniformly bounded from be- 
low. Noting that a^Tj — > oo as i — > oo, by (I2.18P and (12.191) . we can 
proceed as in the proof of Theorem I2.1( i) to show that the injectivity 
radius of h % (0) is uniformly bounded from below. Rescaling back to 
g(t), using the definition of a« we see that (i) is true. 

Part (ii) follows from part (i) as in the proof of Theorem 12.11 
By the above facts, in particular that (12 . 1 8[) holds on a sequence 
of balls with radii going to oo, one can proceed as in the proof of 
Theorem 12.21 (iii) to conclude that (M, h l (0),p) converges a complete 
steady gradient Kahler-Ricci soliton with positive Ricci curvature and 
nonnegative holomorphic bisectional curvature. Note that the gradient 
of the function defining the gradient Kahler-Ricci soliton has a unique 
zero by (12.181) and the fact that the Ricci curvature is positive. Hence 
the gradient Kahler-Ricci soliton is biholomorphic to C n by the results 
in [101 i- 

□ 

The methods of proof in the theorems above allow us to study the 
holomorphic isometries of (M,g(0)). 

Theorem 2.4. Let (M,g(t)) be as in the Basic Assumption 1. Sup- 
pose in addition that tR(p, t) — > oo and the eigenvalues of the Rc(p, t) 
are uniformly pinched. Let T be a finite subset of the holomorphic isom- 
etry group of (M,g(0)). Then there exists q G M such that q is fixed 
by any 7 G T. 
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Proof. By Theorems 12.11 and 12.31 we can find U — > oo and a bounded 
sequence > such that (M, a^fa), p) converge to a steady gradient 
Kahler-Ricci soltion with positive Ricci curvature. By the proof of 
Theorem 12. 11 we conclude that there exists a > such that Vj-R^ has 
a unique zero at G Bi(p,a) which lies inside B^p, |). Here is 
the geodesic ball, V, is the covariant derivative and is the scalar 
curvature with respect to aigfa). 

We claim that for any holomorphic isometry of (M, g{0)), there is io 
such that 7((&) = g, for all % > It is easy to see that the theorem 
follows from this claim as V is finite. 

By the uniqueness of Kahler-Ricci flow [18] (see also [21]). 7 is also 
an isometry of g(t) and hence of aig(tj) for all i. So 7(^1) is also a zero 
of Vji?W. Since g, is the unique zero of Vji2^ in B^p, a) it is easy to 
see that the claim is true if 7 fixes p. 

Suppose 7(p) 7^ p. Since for any e > 0, B ti (p, e) exhaust M, see [13], 
and since dj is uniformly bounded, we conclude that there exists iq such 
that if i > i , then j(p) G -Bj(p, |). Hence 7(5,) G Bi(p,a). Since is 
the unique zero of V»i?^ in -Bj(p, a), we have 7 ((ft) = ?i for i > io- □ 

In case tR(p,t) is uniformly bounded in £ or if is an eternal 
solution, then we have the following much stronger result. 

Theorem 2.5. Let (M,g(t)) be as in the Basic Assumption 1. Sup- 
pose in addition that either (i) for some p G M, tR(p,t) is uniformly 
bounded in t, or (ii) g(t) is an eternal solution. Then there exists 
q G M such that q is fixed by any holomorphic isometry of (M,g(0)). 

Proof. First consider the case that g(t) is an eternal solution. Then 
by the monotonicity of the eigenvalues of the Ricci curvature in t [13] 
(Theorem 6.1), the Ricci curvature at p is uniformly bounded below 
away from zero for all t. On the other hand, by the LYH type dif- 
ferential inequality by Cao [6], we know that -^R(p,t) > 0. Hence 
as in [12], for any ti — > 00, (M, g(U),p) will subconverge to a gradi- 
ent Kahler-Ricci soliton with positive Ricci curvature and nonnegative 
holomorphic bisectional curvature. Hence as in the proof of Theorem 
12.41 we can prove that there exist T > and some a > such that for 
t >T there exists q(t) G B t (p,a) which is the unique point satisfying 
V t R(q(t),t) = in B t (p, 3a). 

Also as in the proof of Theorem 12.41 we can prove that for every 
holomorphic isometry 7, there exists T 7 such that 7(g(t)) = q{t) for all 
t > T 7 . 

We want to prove that every isometry 7 fixes q(T). Suppose j(q(T)) 7^ 
q(T). Since d T (p,q(T)) < a by uniqueness of q(T), we must have 
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dT{ r ){.q(T)) ) q{T)) > 2a. On the other hand, we have 

d TT ( T (g(T 7 )), g (T 7 ))=0 

and T < T 7 by the choice of T T Now by uniqueness of q(t) and the 
fact that g(t) is a solution of the Kahler- Ricci flow equation, it is not 
hard to see that q(t) describes a continuous path on M with respect to 
t, and thus the same is true for / y(q(t)). It follows then, that for some 
T < T < T 7 we must have aVo^^To)), q(Tq)) = a. But this would 
violate the fact that q(T ) is the unique zero of Vt -R in B To (p, 3a). 
This proves the case when g(t) is an eternal solution. 

The case that t(R(p,t) is uniformly bounded in t can be proved 
similarly using Theorem 12. 21 

□ 

By the results of Shi [28] (see also p2]), if (M,g) has bounded non- 
negative holomorphic bisectional curvature with average quadratic cur- 
vature decay and positive Ricci somewhere on M, then there exists a 
long time solution to Kahler- Ricci flow such that tR(p, t) is uniformly 
bounded independently of p. We thus have the following immediate 
Corollary of Theorem 12.21 and 12.51 

Corollary 2.1. Let (M, g) be a complete non-compact Kahler manifold 
with non-negative holomorphic bisectional curvature. Suppose k(x, r) < 
(7/(1 + r 2 ) for some C and all r and x, and that Rc(p) > for some 
p G M. Then M is biholomorphic to C n , and there exists q G M such 
that q is fixed by any holomorphic isometry of (M,g). 

3. Fiber bundle structures 

In this section we study structure of complete noncompact Kahler 
manifold with nonnegative holomorphic bisectional curvature using the 
Kahler-Ricci flow. To motivate our discussion, let us consider an ex- 
ample. Take a complete noncompact Kahler metric h on C n with pos- 
itive holomorphic bisectional curvature which is U(n) invariant, see 
El [31]. Let M = C l x C n (/ > 1 with metric g = g e x h where g e 
is the standard metric on C . Let k be a nonzero real number. Define 
- : .(/ — M ib 7 (C, z) = (Ci + k, ( 2 , . . ■ , (i, e 2nk ^z) where ( G C l 
and z G C n . Then 7 is a holomorphic isometry of {M,g) and 7 m has 
no fixed point unless m = 0. Let T be the cyclic group generated 
by 7. Then (M,g) = (M,g)/T is a complete noncompact manifold 
with nonnegative holomorphic bisectional curvature, which is a vector 
bundle over C /V where V is the group generated by 7' which sends 

(Ci, C2, ■ ■ - , Ci) to (Ci + fc,C 2 ,...,G)- 
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Now let (M, g(t)) be long time solution of the Kahler-Ricci flow (12.11) 
on complete noncompact Kahler manifold with bounded nonnegative 
holomorphic bisectional curvature yet without any assumption on the 
positivity of Ricci curvature. If (M, ffcj(t)) is the universal cover of 
M with corresponding lift gij(t), then gij(t) is also such a solution 
to Kahler-Ricci flow . As mentioned in the introduction, (M,gij(t)) 
splits for each t > as (C fc x N,g e x h(t)) where g e is the standard 
Euclidean metric on C n and h(t) solves ( 11.21) and has positive Ricci 
curvature for t > 0. We will use our results from §2, for the factor 
(N,h(t)), together with the arguments in §5] to provide a fiber 
bundle description of M. In Corollary 3.1 we treat the particular case of 
an initial complete non-compact Kahler manifold having bounded non- 
negative holomorphic bisectional curvature which decays quadratically 
in the average sense. 

We begin with the following 

Basic assumption 2: Let M n be a noncompact complex manifold 
and let (M n ,g(t)) be a complete solution of the Kahler-Ricci flow 



(3.1) f = -R„ 



on M x [0, oo) with uniformly bounded nonnegative holomorphic bi- 
sectional curvature in spacetime, so that one of the following is true: 

Case 1: For some p G M (and hence for all point), tR(p,t) is uniformly 
bounded in t. 

Case 2: For some point p G M, lim^oo tR(p, t) = oo and the positive 
eigenvalues of Ric(t) at p are uniformly pinched for all t. 

Theorem 3.1. With the Basic Assumption 2, there is k > such 
that for allt, (M,g(t)) is a holomorphic Riemannian fiber bundle over 
C k /T where T is a discrete subgroup of holomorphic isometries of C k , 
with fiber being <C n ~ k in Case 1 and a pseudoconvex domain in <C n ~ k in 
Case 2. If in Case 2, g(t) is in fact an eternal solution, then the fiber 
is also C n - k . 

Proof. Let M be the universal cover of M. By the splitting result of 
Cao 7] we have M = C k x N and g(t) = g t (t) x h(t) where g e (t) is flat 
and h(t) satisfies the Basic Assumption 1 of §1 on N. In particular, 
in Case 1 A is biholomorphic to C n_fc by Theorem I2.2[ and in Case 
2 N is homeomorphic to the Euclidean space and biholomorphic to a 
pseudoconvex domain in C n_fc by Theorem 12.11 and 12 .31 Moreover, if in 
Case 2, g(t) and hence h(t) is in fact an eternal solution, then by [12] 
is biholomorphic to C n . 
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Let F G r, the first fundamental group of M with respect to the 
metric g{0). By the uniqueness of Kahler- Ricci flow (see [H2EI]), F is 
an holomorphic isometry with respect to g(t) for all t. As a mapping 
on M, F(x,y) = (fi(x,y),f 2 (x,y)) where j\ : M - C k , f 2 : M - N, 
x G C k and y G N. 

The following argument is basically as in [251 §5] , using the fact that 
N is biholomorphic either to C n_fc or a pseudoconvex domain in C n ~ fc 
which is homeomorphic to R 2( * n ~ k \ 

We first prove f 2 is independent of x. Suppose there is X\ ^ x 2 
and y such that f 2 (x\,y) ^ f 2 (x 2 ,y). Let a be a line passing through 
X\ and x 2 in C k . Then a(s) = (j(s),y) is a line in M. That is to 
say, a is a geodesic which is minimizing between any two points in a. 
Hence Foa(s) is a line of M too. So its projection onto N is minimizing 
between any two end points as a curve in N. But the projection is f 2 oa, 
which is not a constant curve because f 2 (xi,y) ^ f 2 (x 2 ,y). Hence it 
must be a line in N. But this implies a factor C is splitted from N by 
[T5] . This is impossible because N has positive Ricci curvature. Thus 
the claim is established. 

Next we want to prove that f\ is independent of y. First note that 
F^ 1 = (hi,h 2 ) with h 2 independent of x. Hence f 2 o h 2 is identity 
and h 2 = f 2 l . On the other hand, since F is an isometry, f 2 cannot 
increase length. For if j(s) is a curve in N, then the length for the curve 
a(s) = (x,j(s)) and the length of F o a(s) = (fi(x,j(s)), f 2 (j(s)) are 
equal. But the length of a is the same as the length of 7. So the length 
/ 2 (7(s)) cannot be larger than the length of 7. But this is also true for 
f 2 1 - Hence f 2 is an isometry. If this is the case, then 7(s)) must 
be a point. Hence fi is independent to y. 

Let Ai = {/i|(/i, f 2 ) G T for some f 2 }. Then Ai is a subgroup of the 
holomorphic isometries of (C fe , g e (t)) for all t. We claim that Ai is fixed 
point free. Suppose there is F' = (f[, f 2 ) G V such that f[(x ) = x for 
some xq. Let 

G = {f 2 G I F = (fi, f 2 ) G T for some /1 with fi(x ) = x }. 

Then G is a subgroup of the group of the holomorphic isometries of 
N. G acts on N freely because T acts on M freely. Now h descends to 
N/G while still satisfying the Basic Assumption 1 in §1, and thus 
must be simply connected by Theorems I2.lf2.2l and 12.31 which leads to 
a contradiction if G is not trivial. Thus f[ must be trivial and Ai is 
fixed point free. 
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Let (3 be the homomorphism from V to Ai defined by (3(F) = f\, 
for F — f 2 ). Suppose F — (f[, f 2 ) G T and f{ is the identity map. 
Then by similar argument, we can prove that the group: 

{/ 2 | (/J,/ 2 )er} 

is trivial. Hence (3 is an isomorphism. Then Ai acts on M isometrically 
holomorphically and freely by f(x, y) = (f(x),P2°(3~ 1 (f)(y)) where p 2 
is the homomorphism given by mapping F = (f\, f 2 ) G T to f 2 . 

Hence as shown in [25| §5], M is a Riemannian and holomorphic 
fiber bundle over C fc /Ai with fiber N. By the comments in the first 
paragraph of the proof, we see that this completes the proof of the 
Theorem. □ 

Theorem 3.2. If n — k = 1 in the previous Theorem, then (M,g(t)) 
is a holomorphic Riemannian line bundle over C k /T 

Proof. Let T and A" as in the proof of previous theorem. Then A" is 
bihlomorphic to C and has a global holomorphic coordinate z. Thus 
for any F G V with F = (fx, f 2 ), /a(^) = az + b for some a ^ and 
b G C. Now by Theorem 12.41 any f 2 has a fixed point. It follows that 
any nontrivial f 2 with F = (fx, f 2 ) G T, has a unique fixed point. By 
Theorem 12.41 again, we conclude that there is Zq G A^ = C such that 
f2(zo) — z o f° r an y holomorphic isometry f 2 with F = (/i,/2) G T. 
We see that we can choose a global holomorphic coordinate 2 on JV = 
C such that in this coordinate, every such f 2 has the form f 2 (z) = 
az for some complex constant a. Thus in this case, the fiber bundle 
structure constructed in the proof of Theorem l3.1l is in fact a line bundle 
structure. This completes the proof of the Theorem. □ 

By the remarks preceding Corollary 12.11 we may have the following 
immediate corollary to Theorems 13.11 and 13.21 

Corollary 3.1. Let (M, g) be a complete non-compact Kahler manifold 
with non-negative holomorphic bisectional curvature. Suppose k(x, r) < 
(7/(1 + r 2 ) for some C and all r and x. Then there is k > such that 
(M, g) is a holomorphic Riemannian fiber bundle over C k /T where T 
is a discrete subgroup of holomorphic isometries of <C k , with fiber being 

Moreover, if n — k = 1 then the above fiber bundle is in fact a line 
bundle. 
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4. Gradient Kahler-Ricci Solitons 

In this section we refine the results in the previous section in the case 
of a steady gradient Kahler-Ricci soliton with bounded and nonnegative 
holomorphic bisectional curvature. We remark that in the case of an 
expanding gradient Kahler-Ricci soliton satisfying the same curvature 
conditions, we have M biholomorphic to C n by [10], see also [2]. 

First let us fix some notations. Let (M n , g) be a complete steady gra- 
dient Kahler-Ricci Ricci soliton with bounded and nonnegative holo- 
morphic bisectional curvature. Namely, there is a real valued function 
/ such that 

<"> S 

Let (M,g) be the universal cover of (M n ,g). By [7j, M = C k x N 
and g = g e x h, where g e is the standard metric and (N, h) is a steady 
gradient Kahler-Ricci soliton with bounded nonnegative holomorphic 
bisectional curvature and with positive Ricci curvature. Hence there 
exists some smooth real valued function / satisfying (14. ip on N. Now 
let us also assume that the scalar curvature of M attains its maximum 
at some point. Hence the same is true for N. Then by [8] V/(the 
real gradient of / relative to h) has a unique zero at some p. Let 
Ai > A2 > • ■ ■ > \i > be the eigenvalues of the Ricci curvature at p, 
where I = n — k. Recall that iV is biholomorpic to C' by [10J, [2]. Let 
T be the fundamental group of M. Then by the proof of Theorem 
each F in V is of the form (71, 72) where 71 is an holomorphic isometry 
of C fc and 72 is a holomorphic isometry of (N, h). Let 

Ai = {71 1 (71,72) e T for some 72}, 

and 

A2 = {72I (71,72) G T for some 71}. 

We want to describe the holomorphic isometries in A2. In fact, we 
want to describe any holomorphic isometry of N in general. It was 
shown by Bryant [2] that there is a global holomorphic coordinates 
z l of N, ranging over C , which linearize the holomorphic vector field 
Z = § (V/ - V /T T^(V/)) . That is to say, 

1 d 



5> 



Such coordinates are called Poincare coordinates. 
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Remark 4.1. We remark that in case of expanding gradient Kahler- 
Ricci soliton with nonnegative Ricci curvature, Poincare coordinates 
also exist. This is because in this case, the potential function / has a 
unique critical point and J(V/) is also a Killing vector field. 

Now let : (N, h) — > (N, h) be a holomorphic isometry. Thus 
<f)*(h) = h. 

Lemma 4.1. The following are true: 

(1) **(/) = /■ 

(2) mz) = z. 

Proof. Let h = <p*(f). Since <jf{h) = h we have V 2 (/i) = <j)*(V 2 f) 
and thus (fi)ij — Rij = /y. Hence V/i has a unique zero, which must 
be at p. Hence <f>(p) = p. So fi(p) = f(p)- On the other hand, since 
W(p) = = and V 2 (/ — /i) = 0, we conclude that (1) is true. 

(2) follows from the definition of Z, the fact that 4>*(h) = h and from 
(1). □ 

Lemma 4.2. Let <fi be a holomorphic isometry of (N, h). Let <f>(z) = w 
in the Poincare coordinates. Then <p is an upper triangular polynomial 
map in the sense that 

w = A(z) + G(z). 

where A(z) is a linear map andG = (G±, . . . ,Gi) withGi = Gi(z t+1 , . . . , 
If in addition, for all j 



i 

i=i 

for all nonnegative integers rrii such that Y^i=i m « — 2, then <p is a 
linear map. 

Proof. This is basically a result in [2]. For the sake of completeness, 
we sketch the proof here. Since (j)*(Z) = Z and we are using Poincare 
coordinates in the domain and target, for each i, we have 

(4.2) w=tv^ 

everywhere. On the other hand for each i, as a function of z we know 
that w % has a global power series representation 

[a|=oo 

(4.3) w< = c ^ z ° 

H=i 
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where a is a multi-index. The fact that there is no constant term in 
( 14.31) follows from the the fact that by their definition, both z and w 
must vanish at p G N. Now by substituting the power series in (14.31) 
and its derivative with respect to z for both sides of (14.21) . equating 
coefficients and using the fact that the Aj's are all positive, the result 
follows. 

□ 

In [32], Yang proves the following: Let M be a noncompact Kahler- 
Ricci soliton with nonnegative Ricci curvature. Suppose its scalar cur- 
vature attains a positive maximum at a compact complex submanifold 
K with codimension 1 and the Ricci curvature is positive away from 
K. Then M is a holomorphic line bundle over K. 

In case the holomorphic bisectional curvature is bounded and non- 
negative, from the lemma, the proof of Theorem 13.11 and the discussion 
before Lemma [4. 1[ we have the following: 

Theorem 4.1. Let (M,g) be a steady gradient Kdhler-Ricci soliton 
with bounded non-negative holomorphic bisectional curvature such that 
the scalar curvature is maximal at some p G M . Then assuming the 
above notation, there exists global complex coordinates on N such that 
M is a Riemannian and holomorphic fiber bundle over C fc /Ai with fiber 
(jn-k sucfo ffoat eac fi j 2 £ A 2 is of upper triangular form. If in addition, 
for all positve Xj we have 

i 

i=i 

for all nonnegative integers raj such that Xl!=i m « — 2- Then M is a 
holomorphic vector bundle over C fc /Ai. 

We end this section by proving a general volume growth estimate 
for expanding gradient solitons. The motivation is from the work of 
Ni [21] where he proved that a complete noncompact Khaler manifold 
with bounded and nonnegative holomorphic bisectional curvature and 
with maximum volume growth must have quadratic curvature decay as 
in (1) in the Introduction. 

Proposition 4.1. Suppose (M™, g) is a complete Riemannian manifold 
such that g is an expanding gradient Ricci soliton with nonnegative 
scalar curvature. Then for any o G M , there is a constant C > such 
that V {r) > Cr n for all r > 1, where V a (r) is the volume of geodesic 
ball of radius r with center at o. 
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Proof. Let / be such that = Rij + gij. By the proof in §20] 
(see also [IS]), TZ + |V/| 2 — 2f is a constant, where R is the scalar 
curature. Modifying / by adding a constant to /, we may assume that 
K + |V/| 2 - 2f = 0. Since K > 0, we have / > and |V/| 2 < 2f. 
Fix o G M. For any x let 7(5) be a minimal geodesic from o to x 
parametrized by arc length and let r = d(o, x). Then for any < r < r 

(4.4) * |V/I 

<(2/)i 

Hence /5(x) < ir + /5(o). This implies that |V/|(x) <r + (2/(o)) 5 . 

On the other hand, A/ > n, where n is the dimension of M. For 
any R 

nV{R) < [ Af 

JB(R) 

= [ ?L 

(4.5) JdB(R) du 

< [ |V/| 

^ 8B(R) 

< <R + (2f(o))^A(R) 

where is the area of &B (#) and V(R) = V (R). Hence 

^)>^ +(2/(o)) nV(D 

V 1 + {2f{o)Y ) 

for R > 1. 

□ 
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